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Quasi-invariant measures for some amenable
groups acting on the line
Nancy Guelman and Cristo´bal Rivas
Abstract
In this note we show that if G is a solvable group acting on the line, and
if there is T ∈ G having no fixed points, then there is a Radon measure µ on
the line quasi-invariant under G. In fact, our method allows for the same
conclusion for G inside a class of groups that is closed under extensions
and contains all solvable groups and all groups of subexponential growth.
1 Introduction
Let G be a group acting by homeomorphism of the line. We say that a (Borel)
measure µ is quasi-invariant or quasi-preserved under the action of G, if for every
g ∈ G there is λg ∈ R such that g∗µ = λgµ, where g∗µ : B 7→ µ(g
−1(B)). We say
that µ is preserved by G if g∗µ = µ for all g ∈ G.
Aiming to decide the (non-)amenability of Thompson group F (see [7] for an
introduction on this group, and [12] for an introduction to amenability) a very
interesting criterion was proposed by L. Beklaryan [4, Theorem B].
Criterion: If an amenable group acts by order-preserving homeomorphism of
the line with an element acting freely, then there is a Radon1 measure on the line
quasi-invariant under the group action.
Since for the natural -piecewise affine- action of F on (0, 1) there is no quasi-
invariant measure, the Criterion implies the non-amenability of F . However, the
claim of validity of the Criterion was withdrawn [5], apparently by the appearance
of the preprint [3] where it is claim that the Criterion fails already for the class
of solvable groups.
This note is intended to clarify the discussion around the validity of the Cri-
terion. We became interested in this problem after we discover a flaw in (the
first version of) [3]. In fact, we will prove that the Criterion is valid in a class
of groups that is closed under extensions and includes all solvable groups and all
groups of subexponential growth (see [11] for the definition of group growth). We
were, however, unable to decide weather Beklaryan criterion’s holds in the class
of all amenable groups.
We will say that a group G has locally subexponential growth if any of its
finitely generated subgroups has subexponential growth . Let S denote the class
of groups G for which there is a finite normal filtration
{id} = Gd+1 ⊳Gd ⊳ . . .⊳G1 ⊳G0 = G
1A Borel measure µ on the line is said to be a Radon measure, if it gives finite mass to
compact sets.
1
with the property that Gi−1/Gi has locally subexponential growth, i = 1, . . . , d.
Observe that Gi−1/Gi may not be finitely generated. In this note, the degree of
a group G in S is the length of the shortest filtration in which each successive
quotient has locally subexponential growth. So for instance a group of subexpo-
nential growth has degree 1.
Clearly, any solvable group is in S. Also, any group in S is amenable (G in
fact it is subexponentially elementary amenable, see [12, Chapter 5]). We will
show
Theorem A: Let G be a group in S that is acting on the line by order-preserving
homeomorphisms. Assume that there is T ∈ G having no fixed points. Then there
is a Radon measure µ on the line which is quasi-preserved by G.
Remark 1. In [15] Plante consider a class of groups S0 that contains all polycylic
groups2, and all finitely generated groups of subexponential growth. He proves that
any action on the line of a group in S0 quasi preserves a Radon measure.
The class S0 however does not contains all solvable groups nor all groups that
have locally subexponential growth. In fact counterexamples of Plante’s theorem
among finitely generated (infinite-rank) solvable group are easy to find: there are
actions of some solvable groups not allowing for a quasi-invariant measure. For
instance some actions of Z ≀Z [15, 17], or some even more exotic as in [2, §6.2].
In these actions, though there are no global fixed points, each element of the group
has at least one fixed point.
It is therefore natural to impose a priori in the Criterion, the condition that
G has an element acting without fixed points.
Besides the groundwork provided by Plante, our main tool is the notion of
crossed elements. This notion was introduce in [6], but has been extensively
studied/exploited in its connection with total orderings on groups (see [14, 16, 8]).
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Figure 1: A crossing
Definition 1. We say f and g, two order-preserving homeomorphism of the line,
are crossed if there is are a, b ∈ R such that a < b, f(a) = a, g(b) = b, and for
every x ∈ (a, b), f(x) < x and g(x) > x. See figure 1, where the graphs of f and
g are depicted.
2A solvable group is polycylic if and only if it admits a filtration such that each successive
quotient is cyclic.
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For us, the main importance of crossed elements is that they entail exponential
growth. Indeed, if f and g are crossed elements, then there is n ∈ N such that
fn, gn generates a free semi-group (see for instance [13]). In particular the group
generated by f and g has exponential growth.
1.1 Quasi-invariant measures and semi conjugacy to affine
actions
Definition 2. Two representations ρ1, ρ2 : G→ Homeo+(R) are semi conjugated
if there is a monotone map (i.e. non-decreasing) c : R → R which is proper (i.e.
c−1 sends compact sets to bounded sets, or, equivalently since c is monotone, c(R)
is unbounded in both directions) and such that for all g ∈ G
c ◦ ρ1(g) = ρ2(g) ◦ c.
Remark 2. The above definition is the analog for actions of the line of the
definition of semi conjugacy for groups acting on the circle from [9]. Though,
sometimes one also insists in the continuity of c above (for instance in [10, 13]),
without the continuity assumption semi conjugacy becomes an equivalence relation
(see [9] for the case of the circle and [1] for the case of the line). In this note,
we do not assume continuity.
Observe that for G ⊆ Homeo+(R), the presence of a quasi-invariant measure
µ provide us, for every g ∈ G, the affine map of the line
Ag(x) =
1
λg
x+ µ([0, g(0)), (1)
where, by convention, if g(0) < 0 then µ([0, g(0)) is by definition −µ([g(0), 0)).
This convention is made all across this note.
This association is in fact a representation of G into the affine group:
Afg(x) =
1
λf
(
1
λg
x+ µ([f−1(0), g(0))
)
=
1
λf
(
1
λg
x+ µ([0, g(0)) + µ[f−1(0), 0)
)
=
1
λf
(
1
λg
x+ µ([0, g(0))
)
+ µ([0, f(0)) = Af ◦ Ag(x).
Further, if the G action admits a quasi-invariant Radon measure µ, then this
action is semi conjugated to the affine action above. Indeed, if we let F (x) =
µ([0, x)), then
F (g(x)) = µ([0, g(x)))
= µ([g(0), g(x)) + µ([0, g(0))
= g−1
∗
µ([0, x)) + µ([0, g(0))
=
1
λg
F (x) + µ([0, g(0)) = Ag(F (x)).
Observe that µ may have atoms, for instance when the G action admits a discrete
invariant set. We also have a converse
Proposition 1.1. If an action of G is semi conjugated to an affine action, then
there is a quasi-preserved measure for G.
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Proof. If G has a global fixed point then the conclusion holds trivially, so we
assume there are non. Suppose there is a semi conjugacy
F ◦ g = A(g) ◦ F,
for some affine representation A : G→ Aff(R). Since we are assuming that the
G action has no global fixed points, the same is true for the corresponding affine
action of G. Now, for a Borel set B, let µ(B) := Leb(F (B)). We have that
g∗µ(A) = µ(g
−1A)
= Leb(F ◦ g−1(A))
= Leb(A(g−1) ◦ F (A))
= λgLeb(F (A)) = λgµ(A),
where λg is precisely the dilation factor of the map A(g
−1). 
2 Proof of Theorem A
We begin with the next proposition which is the first step in an induction argu-
ment. The proposition is known, but we provide a full proof since the arguments
in it will be use in the proof of Theorem A.
Proposition 2.1. Let G be a subgroup of Homeo+(R) locally of subexponential
growth. Assume that there is T ∈ G having no fixed points. Then there is a
Radon measure µ on the line which is preserved by G.
Proof: We first observe that the presence of the fixed-point-free element T ∈ G
implies that there is a non-empty minimal invariant set (that is, a closed set
invariant under G, and having no closed proper subset invariant underG). Indeed,
let x0 be any point of the line and let I = [x0, T (x0)], when T (x0) > x0 or
I = [T (x0), x0], otherwise. Let F the family of non-empty closed sets which are
G-invariant. Let us consider an order relation  in F , defined as Λ1  Λ2 if
Λ1 ∩ I ⊆ Λ2 ∩ I. Since T has no fixed points, any G-orbit intersects I, therefore
for any Λ ∈ F , Λ∩I 6= ∅. By Zorn’s lemma there exists a maximal element for .
This maximal element is the intersection of I with a minimal closed G-invariant
set, which we denote by Λ. There are three possibilities.
• Λ′ (the accumulation points of Λ) is empty.
In this case Λ is discrete and µ =
∑
m∈Λ δm is a Radon G-invariant measure.
• ∂Λ (the boundary of Λ) is empty.
In this case, Λ = R, so the action of G is minimal (that is, every orbit is
dense). We claim that this action is also free. Indeed, if the action is not
free, then there exist f ∈ G \ {id} having at least one fixed a point. We let
I = [a, a′), where a ∈ R and a′ ∈ R ∪ {∞}, be a non-empty component of
R \ Fix(f). By eventually changing f by its inverse, we can assume that
f(x) < x, ∀x ∈ I. Since the action is minimal, there is h ∈ G such that
h(a) ∈ I. Now consider the element g = hfn. Since for any x ∈ I, fn(x)→
a as n tends to ∞, we have that g(x) > x for every x ∈ [a, h(a)], but, if n
is large enough, we have that g(f−1h(a)) = hfn(f−1h(a)) < f−1h(a). Thus
g has a fixed point that is greater than h(a). Let b be the infimum of these
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fixed points. Then f and g are crossed elements exactly as in Figure 1.
This contradicts the fact that G has locally subexponential growth.
Since the action of G is free and minimal, Ho¨lder’s theorem states that G
is topologically conjugate to a group of translations (see [13]). We can pull
back the Lebesgue measure by this conjugacy, to obtain an invariant Radon
measure for the G-action.
• Λ′ = ∂Λ = Λ. In this case Λ is “locally” a Cantor set. So, one can col-
lapses each interval in the complement of Λ to a point to obtain another
(topological) line and consider the induced G-action by semi conjugacy.
More precisely, there is a surjective, non-decreasing and continuous map
c : R → R that is constant in the complement of Λ. Since Λ -and hence its
complement- is G-invariant, we can define ψ : G→ Homeo+(R) satisfying
ψ(g) ◦ c = c ◦ g , ∀g ∈ G.
In this way, since c(Λ) = R, we have that ψ(G) is group of homeomorphism
acting minimally on the line: ifM is a ψ(G)-invariant set properly contained
in R, then c−1(M) ∩ Λ is G-invariant properly contained in Λ. As, in the
previous case, the group ψ(G) also acts freely, so it preserves a Radon
measure µ. We can pull back this measure by the semi conjugacy by letting
µ˜(A) = µ(c(A)), to obtain a G-invariant Radon measure.

Proof of Theorem A:We argue by contradiction. Suppose there is a group G in
S contradicting the conclusion of Theorem A. We choose G with the least possible
degree. From Proposition 2.1 the degree of G is greater than 1, say it has degree
d+1, and the filtration witnessing this degree is {id} = Gd+1⊳Gd⊳. . .⊳G1⊳G0 =
G. We fix the action the action ofG on the line having no quasi-invariant measure,
and also fix T ∈ G an element having no fixed points. By eventually changing T
by its inverse, we can (and will) assume that T (x) > x for all x ∈ R. As in the
proof of Proposition 2.1 we have that G has a minimal invariant set Λ.
If Λ is discrete, then µ =
∑
m∈Λ δm is a G-invariant measure, contradicting
our assumption. So Λ can not be discrete. We make two reductions.
1. We first argue that we can reduce to the case where Gd has no (global) fixed
points.
Suppose Gd has at least one fixed point. Since Gd is normal in G, we have
that X := Fix(Gd), the closure of set of Gd fixed points, is an infinite
G-invariant set unbounded in both directions of the line. Since Λ is non-
discrete, the closure of every G-orbit contains Λ (see for instance [10, 13]).
Hence Λ ⊆ X .
The action of G on X factor throughout an action of G/Gd. Moreover, the
G/Gd action on X can be extended to an action on the whole real line,
for instance by taking linear interpolation on the open components of the
complement of X (see for instance the proof Theorem 6.8 in [10]). Denote
this new action by ψ : G→ Homeo+(R). Observe that in this construction
Gd acts trivially on the line and we have that g(x) = ψ(g)(x) for every
x ∈ Λ and every g ∈ G. It follows that Λ is also a minimal invariant set for
ψ(G).
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From the minimality of the degree of G, we have that the action ψ of
G/Gd on the line admits a quasi-invariant Radon measure µ. In particular,
supp(µ) the support of µ, is closed and G/Gd-invariant, and hence Λ ⊆
supp(µ). We claim that Λ = supp(µ). To see this, first note that as in
§1.1, the presence of a quasi-invariant measure implies that ψ(G) is semi
conjugated to an affine group. Precisely, if we let Ag as in (1) , and F (x) :=
µ([0, x)), then
Ag ◦ F = F ◦ ψ(g) , ∀g ∈ G.
This affine action has no global fixed points, and its orbits are not discrete
(since Λ is not discrete). It is therefore minimal: the closure of every orbit
is the whole real line. Thus R = F (supp(µ)) = F (Λ). As a consequence
we have that for any interval I in the complement of Λ there is α ∈ R such
that F |I = α. If we observe that two points x and y are identified under F
if and only if µ([x, y)) = 0, we obtain that I is also in the complement of
supp(µ). Therefore Λ = supp(µ) as claimed.
The preceding claim implies, in particular, that Λ = supp(µ) ⊆ X . Thus,
in the original action of G, Gd fixes every point in supp(µ). Therefore µ
is Gd-invariant, and hence µ is quasi-preserved by G. This contradict our
choice of G. Hence, we conclude that Gd has no global fixed points.
2. If there is an element T ∈ Gd acting freely, then Theorem A is ensured by
Plante’s [15] and Proposition 2.1.
Indeed, Proposition 2.1 ensures the existence of a Gd-invariant Radon mea-
sure µ on the line. Since T has no fixed points, the translation number
homomorphism τµ : g 7→ µ[0, g(0)) defined on G
d is non-trivial. Theorem
A then follows from Lemma 4.1 and Lemma 4.2 in [15] (alternatively, the
argument below also works).
So we are left with the case where Gd has no global fixed points but there is
no element of Gd acting freely. We claim that under the presence of the freely
acting element T ∈ G this case neither is possible.
Indeed, since Gd has no global fixed points, there is f ∈ Gd such that T (0) <
f(0). Since f has at least one fixed point, there is a interval of the form I = (a, b),
where at least one of the endpoints is in R (and the other may be ±∞) containing
0 fixed by f , and such that f has no fixed point in its interior (hence f(x) > x
for all x ∈ I). For concreteness we assume that a is a point in the real line, the
other case being analogous.
Let h = T−1fT . Since Gd is normal in G, we have that h ∈ Gd. Observe that
h(a) ∈ I. Then, proceeding in the same way that in the proof of Proposition 2.1,
the case where ∂Λ is empty, we can build g ∈ Gd so that f and g are crossed. This
contradicts that Gd has locally subexponential growth. This last contradiction
finishes the proof of Theorem A. 
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